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Cellular magnetic domain patterns in magnetic garnet films are an example of a 
spatially-extended metastable system whose evolution is limited by topological constraints. 
For sufficiently large applied magnetic fields, the entire pattern is under tension and 
can respond to local perturbations via large collective motions. In this regime disordered 
cellular patterns respond to small increases in applied field or to manual cell breakage via 
avalanches of sequential cell destruction which sweep through the pattern via the 
motion of cell walls. After one avalanche has stopped another can be started by a small 
increase in field or by another manual cell breakage; the system thus tends to self-organize 
into barely stable states. The measured distributions of avalanche size and duration are 
best fit by power laws. These features suggest that cellular avalanches may be an example of 
self-organized criticality. 

-. 

INTRODUCTION 

It is well known that the ferromagnetic materials tend 
to produce spatial patterns of magnetic domains in order to 
minimize the total energy. Classic examples are the wide 
variety of domain patterns formed in magnetic garnet films 
used to make bubble memories.“’ Magnetic domain pat- 
terns are often metastable; either by design, as for magnetic 
media3 where pinning limits their evolution, or due to in- 
herent topological constraints as for the cellular domain 
patterns considered here. Other spatially-extended physical 
systems which produce metastable patterns include poly- 
crystalline materials, glasses, pinned charge density 
waves4 sand piled at the angle of repose,5r6 and slipping 
earthquake faults.7.8 Commonly, the response of a spatially 
extended system to a localized external stimulus is assumed 
also to be local, and of short duration. An exception is a 
system at its critical point, where the correlation lengths 
and times diverge. 

l3ak et al.‘-” have proposed the concept of self- 
organized criticality for spatially-extended dynamical sys- 
tems: given a large number of metastable states, the system 
self-organizes into configurations which are barely stable. 
The response to external stimulus is no longer localized, 
but occurs on all length and time scales, and can create 
fractal structures. In this picture adding sand to a sand pile 
creates avalanches of all sizes and durations with power- 
law distributions. The occurrence of self-organized critical- 
ity has been associated with the existence of a conservation 
law.1”‘3 For example, in an infinitely large sand pile the 
number of grains of sand is conserved during an avalanche. 

In this paper we review our experimental work’4-‘8 on 
the response of metastable cellular domain patterns to ex- 
ternal stress in the high-tension regime in which the entire 
pattern is under stress. We find that ordered hexagonal 
cellular patterns respond to an increase in applied mag- 
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netic field via the propagation of melting fronts which leave 
behind a disordered cellular froth. I4 Disordered cellular 
patterns respond to small increases in magnetic field via the 
creation of avalanches of cell destruction which propagate 
long distances through the cellular pattern.15 This system 
is self-organizing in that the pattern produced by a given 
avalanche is in turn barely stable against the occurrence of 
new avalanches, and the distributions of avalanche size 
(number of cells destroyed) and duration are best fit by 
power laws. 

EXPERIMENTAL APPARATUS 

The sample used in these experiments is a Bismuth- 
substituted iron garnet film provided by Air&on Division 
of Litton Industries.t9 The film was grown by liquid phase 
epitaxy to a thickness of 7.8’pm on a transparent nonmag- 
netic substrate of matching lattice constant, and has a us- 
able area of several cm” with low defect density. The bulk 
magnetization is 4n-&f= 190 G as determined by optical 
measurements of stripe domain widths, and the Curie point 
is 170 “C. Other properties are given in Ref. 16. 

A perpendicular magnetic field was applied to the sam- 
ple using a pair of coils. The applied field was the sum of a 
dc field HB, and a relatively small ac component H,, of 
amplitude 1 Oe <Hat < 7 Oe and frequency 40 Hz; with an 
ac field, the domains move smoothly with no apparent 
minimum velocity. As in other work on magnetic garnet 
films,“’ the role of the ac field is to minimize the effects of 
coercive friction by agitating the pattern slightly. The lat- 



FIG. 1. Schematic illustration of bubble and stripe domains with magne- 
tization opposed the an applied field HP We assume that the domain 
walls are thin and oriented perpendicular to the film plane as indicated 
(from Ref. 16). 

photographs of domain patterns to produce digitized im- 
ages with a threshold chosen to render the pattern faith- 
fully, resulting in the high contrast black and white images. 
We use the convention that white (up) domains are 
aligned with the applied field Hs and black (down) do- 
mains are opposed. For cellular patterns, the white cells 
are individual domains, whereas the black cell walls are a 
single multiply connected stripe domain, as illustrated in 
Fig. 1. The field of view is typically - 100 pm in width, 
and is always much smaller than the active area of the 
garnet film. 

ELEMENTS OF CELLULAR DOMAIN PATTERNS 

A meander pattern of stripe domains is typically found 
in magnetic garnet films with no special preparation. In 
order to produce cellular patterns, we first created a sea of 
bubbles by briefly applying a strong in-plane ‘magnetic 
field, slightly tilted to determine the direction of bubble 
magnetization. Then a perpendicular magnetic field 
aligned with the bubble magnetization is applied. As the 
bubbles grow they press against each other to produce a 
cellular pattern. If an ordered hexagonal cellular array is 
desired, the sea of bubbles is first annealed by agitation 
with an oscillating magnetic field in a reversed dc field. 

Figure 2 shows the evolution of meander stripe and 
disordered cellular patterns with increasing applied mag- 
netic field H&l8 The square and round data points are the 
measured average stripe or cell wall spacing (d) for me- 
ander and cellular patterns, respectively, and the solid 
curve is the theoretical equilibrium spacing for a regular 
stripe array. Photographs illustrating the evolution of 
stripe and cellular domain patterns are inset for the fields 
HB indicated. The meander pattern is composed of only a 
few stripe domains which unwind as the field is increased 
to keep the average spacing (d) in close agreement with 
the equilibrium spacing for a stripe array. One can show16 
that the width of stripe domains is also energetically con- 
strained, as shown in the insets to Fig. 2. The spacing for 
the meander pattern diverges at the run-in field HRI at 
which an isolated stripe “runs in” along its length to form 
a single bubble. Because there are no constraints to the 
evolution of the meander pattern, it is always near equilib- 
rium, and the stripes run in to form bubbles at HRI. The 
equilibrium state for cellular patterns is the same, but their 

- Stripe Amy Model 

FIG. 2. Average stripe spacing d, versus applied magnetic field HB in 
units of 4rrM = 190 G for both meandering stripe patterns and for dis- 
ordered cellular patterns. The data points are measured from domain 
patterns, as indicated, while the smooth curve is computed for a regular 
stripe array. Photographs of the corresponding meander and cellular pat- 
terns at the indicated appIied fields are shown as insets (from Ref. 18). 

evolution is limited by topological constraints, and these 
patterns continue to exist above HRI. In this regime the 
stripe segments which make up cell walls are under tension 
and the entire pattern is metastable. 

Topological constraints” are essential in determining 
the evolution of metastable cellular patterns in the high- 
stress regime Hi > HRI. For patterns made up of threefold 
vertices, Euler’s equation requires that the average number 
of sides (s) = 6. Polygonal cells with fewer than six sides 
tend to shrink, because their internal angles are less than 
120”, and cell-wall tension pulls the vertices inward. Con- 
versely, cells with more than six sides tend to grow. We 
find that no three- or four-sided cells survive in our cellular 
domain patterns for the field range considered here HRI 
< HB < H, (see Fig. 2). Large five-sided cells also shrink, 

but become stable at a well-defined small size at which they 
resemble a round bubble trapped in a pentagonal section of 
cell wall. These pentagonal bubble traps, which can be seen 
in the insets to Fig. 2, are an unusual and important feature 
of cellular domain patterns. They effectively act as fivefold 
vertices which pull inward to oppose the expansion of cells 
with greater than six sides, and allow the pattern to reach 
a static force balance. Isolated bubble traps are stable up to 
a well-defined field H, shown in Fig. 2. When they break 
for Hs > H,, the average cell size rapidly increases; and the 
pattern is determined by the balance of cell-wall tension 
with coercive friction. 

Although cellular domain patterns resemble soap 
froths, which have been extensively studied as a model for 
grain growth in polycrystalline materials,20’21 there are im- 
portant differences. Soap froths continuously evolve via 
diffusion of gas through cell walls; while the walls and 
vertices easily rearrange, the area of each cell changes only 
slowly, N-0 comparable mechanisms exists for cellular do- 
main patterns: the cell area changes easily as the result of 
relatively rapid cell-wall motion and the entire pattern can 
reach metastable equilibrium. As a result, no three- or 
four-sided cells survive in static domain patterns. Further- 
more, regions containing many small pentagonal bubble 

5437 J. Appl. Phys., Vol. 69, No. 8,15 April 1991 Westervelt et al. 5437 



FIG. 3. Photographs showing the destruction of a pentagonal bubble trap 
(a) at HB = 97 Oe. The neighboring cells gain ( + 1) or lose ( - 1) sides 
as indicated and the threefold vertices left behind move outward as indi- 
cated. In this example the trap collapses at HB < H, = 105 Oe, because the 
stray field of other reversed domains out of the field of view add to the 
applied field (from Ref. 16). 

traps tend to contract, while those with many cells with 
more than six sides tend to grow, broadening the area dis- 
tribution of cells. 

In soap froths, Tl vertex exchange processes” between 
cells can change the number of sides of each cell and to- 
pologically coarsen the pattern. For magnetic domains we 
find that Tl vertex exchange does not occur,*‘I because 
vertices repel each other via their dipole-dipole interaction. 
As a result, the number of sides of each cell is conserved 
during cell-wall motion. Topological evolution of cellular 
domain patterns is determined by cell breakage. An ava- 
lanche is initiated when the local field at a pentagonal bub- 
ble trap exceeds H5 and the trap breaks. The local field is 
the sum of the applied field HB and the field due to the 
domain pattern itself, which varies from place to place and 
is largest in regions with the highest concentration of cell 
walls. The topological changes that occur when a bubble 
trap breaks are illustrated in Fig. 3. As shown, the small 
pentagonal cell disappears, one neighboring cell gains one 
side, two lose one side, and two remain unchanged. The 
local force balance between cell walls is destroyed, and the 
remaining vertices rapidly move outward, as shown in Fig. 
3(b), and can initiate an avalanche as described below. 

CONSERVATION LAWS 

Very restrictive conservation laws govern the evolution 
of cellular domain patterns. Euler’s equation guarantees 
that the average number of sides remains. (s) = 6 during 
the evolution of the pattern, including the topological 
changes associated with cell breakage. Although cell-wall 
length is not fixed and vertices move about freely, both the 
total number of cells, and the number of sides of each 
individual cell are conserved in cell-wall motion between 
breakage events. These conservation laws follow from the 
absence of Tl vertex-swapping processes, as described ear- 
lier. For cellular domain patterns we also find, experimen- 
tally, l7 that the fraction of cells in static patterns which are 
small bubble traps remains surprisingly constant near 
f s B f throughout the high-tension regime HRI < HB < H5 in 
which avalanches occur. It is plausible that this scaling 
relation follows from the special role pentagonal bubble 
traps play in stabilizing cellular patterns, but the mecha- 
nism for this is not clear at present. 
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FIG. 4. Photographs at successive times showing an avalanche of cell 
destruction triggered by an increase in the applied field by 0.5 Oe to 
HB = 89 Oe. The stationary state in ( f ) was reached after 45 set and the 
destruction of 19 cells in the field of view (from Ref. 15). 

AVALANCHES AND SELF-ORGANIZATION 

The evolution of disordered cellular domain patterns 
with increasing magnetic field in the high-tension regime is 
illustrated in Fig. 2. As shown, the average cell diameter 
increases smoothly between HRI and H5 and the patterns 
appear similar. Throughout the high-tension regime the 
entire cellular pattern is metastable and cell growth occurs 
only via the destruction of other cells. The surprising fea- 
tures are that cell destruction occurs in avalanches which 
propagate long distances through the pattern and that the 
pattern tends to self-organize into barely stable states. 

An example of a domain avalanche is shown in Figs. 
4(a)-4(f). To produce this figure the pattern was prepared 
by first increasing the applied field continuously to HB 
= 88.5 Oe and waiting for all cell motion to stop. The field 
was then increased by 0.5 Oe and held constant. This small 
step in applied field destabilized the cellular pattern and 
created the avalanche of cell destruction illustrated in Figs. 
4( a>-4(f). First the shaded hexagon in Fig. 4(a) con- 
tracted smoothly between Figs. 4(a) and 4(b). This con- 
traction produced an increased concentration of cell walls 
(and reversed magnetization) in the vicinity of this cell, 
increasing the local field, and leading to the destruction of 
two of the neighboring pentagonal bubble traps between 
Figs. 4(b) and 4(c). The destruction of these cells desta- 
bilized the pattern, leading to the growth of the two shaded 
cells between Figs. 4(c) and 4(d), and a corresponding 
rearrangement of cell walls as shown. This movement in- 
creased the concentration of cell wall near the two pentag- 
onal bubble traps in the upper left corner of Fig. 4(d), 
resulting in their destruction between Figs. 4(d) and 4(e). 
The avalanche continued in this manner until the fmal 
static pattern shown in Fig. 4(f) was reached; 45 set after 
the initial pattern was destabilized. An important feature 
of cellular domain patterns is- that the final patterns pro- 
duced by avalanches, such as the one shown in Fig. 4, are 
barely stable: Further increments in applied magnetic field 
as small as AH = 0.1 Oe are observed to induce additional 
avalanches. 

The dynamics of domain avalanches are determined, to 
a large extent, by the motion of vertices and cell walls 
between cell destruction events. Following the destruction 
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of a small pentagonal bubble trap the pattern is destabi- 
lized and previously nearby vertices move rapidly away 
and can propagate considerable distances. Avalanches re- 
sult when these vertices collide with other pentagonal bub- 
ble traps. In this sense cellular patterns are similar to slip- 
ping earthquake faults, sandpiles, and other systems 
proposed to exhibit self-organized criticality, in that the 
relaxation of stress in one location leads to a build up of 
stress in another. On average, the destruction of cells sta- 
bilizes the pattern by allowing other cells to grow and by 
reducing the total average magnetic field. However, the 
number of cells destroyed in the avalanches described here 
is always a small fraction of the total present in the sample; 
in equilibrium the cellular pattern is entirely absent. 

The distributions D(s) and D(T) of avalanche size s 
(number of cells destroyed) and duration T were mea- 
suredr5 by increasing the applied magnetic field in small 
steps m= 0.5 Oe in the high-stress regime from HB 
= 87 and 89 Oe, close to the run-m field HRI = 84 Oe. 
Following each increase, the size and duration of each av- 
alanche were recorded; because avalanches occur over pe- 
riods of seconds, this is possible by direct observation. This 
procedure was repeated to observe a total of 1105 ava- 
lanches. As reported in Ref. 15, the avalanche sizes and 
durations were linearly correlated, and the measured dis- 
tributions D(s) and D(T) were best fit by power laws: 
D(s) a sw2.’ and D(T) a T - 2.3. Power-law distribu- 
tions are predicted for systems which exhibit self-organized 
criticality and are a consequence of the nonlocal response 
of the system in question. 

In order to test these results, we repeated the experi- 
ments using a different procedure: We keep the applied 
field HB fixed and induce an avalanche by manually break- 
ing a pentagonal bubble trap using a small iron wire. This 
procedure was repeated at different places for the same 
field, until the cell density was so reduced that avalanches 
were no longer produced. We find that manual breakages 
lead to avalanches of cell destruction as described earlier. 
The distributions D(s) and D(T) were measured by man- 
ually inducing avalanches - 15 times at the same field, 
preparing new cellular patterns as necessary. 

Figures 5 (a) and 5(b) give the measured distributions 
of avalanche size and duration for manually induced ava- 
lanches as described earlier; note the change in range of the 
horizontal axis between plots. As shown, both distributions 
are well fit by power laws. The straight lines through the 
data in Figs. 5(a) and 5(b) correspond to D(s) a s-2.3 
andD(T) a T- 1.9, respectively; these exponents are com- 
parable to those found by increasing the applied magnetic 
field, as described earlier and in Ref. 15. 

DISCUSSION 

In summary, we have found that cellular magnetic do- 
main patterns exhibit certain features of self-organized crit- 
icality. Cellular patterns respond to perturbations via the 
creation of avalanches of cell destruction on a wide range 
of time and length scales and are self-organizing into barely 
stable states. The measured distributions of avalanche size 
and duration are best fit by power laws with similar expo- 
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FIG. 5. Measured distribu- 
tions D(s) and D(T) (in ar- 
bitrary units) versus ava- 
lanche size s (number of 
cells destroyed) and dura- 
tion T (set) for avalanches 
induced by manually break- 
ing a small pentagonal bub- 
ble trap using an iron wire 
(see text). The straight lines 
are power-law fits with the 
slopes indicated. The data 
have been logarithmically 
binned for these plots. 

nents when avalanches are initiated by increasing the ap- 
plied field and by manually breaking bubbles at a fixed 
field. 

The occurrence of self-organized criticality has been 
associated with the existence of conservation, laws for the 
physical system in question. i2,r3 This is not to say that the 
conservation law holds throughout typical experiments. In 
one example6 of a sandpile experiment, sand is added near 
the top of the pile and falls away from the edges. Cellular 
magnetic domain patterns are sufficiently different from 
the theoretical model systems considered;12*13 that the de- 
tailed correspondence between experiment and model is 
not clear. However, cellular avalanches appear to follow 
the prescription of Grinstein et ~1.‘~ for the occurrence of 
self-organized criticality: conserving deterministic dynam- 
ics with noise that violates the conservation law. 
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